COHOMOLOGY AND SUPPORT VARIETIES FOR RESTRICTED 

LIE SUPERALGEBRAS 



IRFAN BAGCI 

Abstract. Let g be a restricted Lie superalgebra over an algebraically closed field 
k of characteristic p > 2. Let u(g) denote the restricted enveloping algebra of q. In 
this paper we prove that the cohomology ring H*(u(g), fe) is finitely generated. This 
allows one to define support varieties for finite dimensional u(g)-supermodules. We 
also show that support varieties for finite dimensional u(g) supermodules satisfy the 
desirable properties of support variety theory. 



1. Introduction 

1.1. Throughout this paper we assume that k is an algebraically closed field of char- 
acteristic p > 2. All unspecified vector spaces, homomorphisms and tensor products 
are taken over k. All vector spaces are assumed to be finite dimensional unless oth- 
erwise noted. Recall that a superspace is a Z 2 -graded vector space. For a superspace 
V — Vq © Vi, degv will denote the Z 2 -degree of a homogeneous element v e V. 

A superalgebra is a Z 2 -graded, unital, associative algebra A = Aq © A\ satisfying 
AiAj C A i+ j for all i,j £ Z 2 . A Lie superalgebra is a finite dimensional superspace 
— 00 © Si with a bracket [— , — ] : © — > which preserves the Z 2 -grading 
and satisfies graded versions of the operations used to define Lie algebras. Since the 
bracket preserves the Z 2 -grading, the even part go is a Lie algebra under the restriction 
of the bracket and the odd part gj is a go-module under the bracket action. We view a 
Lie algebra as a Lie superalgebra concentrated in degree 0. Given a Lie superalgebra 
g, U(q) will denote the universal enveloping algebra of g. U(q) is a superalgebra 
and satisfies a PBW type theorem. See, for example, [201 12S] for details and further 
background on Lie superalgebras. 

A Lie superalgebra = 0o © 01 is called restricted if the even part Qq is a restricted 
Lie algebra, i.e., it has a pth power map : jjg — > qq, and the odd part Qi is a 
restricted go-module under the adjoint action. If g is a restricted Lie superalgebra, 
then the restricted enveloping algebra is defined to be the quotient algebra u(g) = 
U(q)/J, where J is the two-sided ideal in the universal enveloping algebra U(g) 
generated by the set {x p — x 1 ^ : x G go}. A g-supermodule M = Mq © Mj is called 
restricted if M is a supermodule for u(g). For further details for the representation 
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theory of restricted Lie algebras and restricted Lie super algebras we refer the reader 

to pa us na ng m 123 . 
1.2. 

1.3. This paper is organized as follows. In Section 2 we review basic facts about 
restricted Lie superalgebras and super Hopf algebras and record the properties we 
are going to need in the rest of the paper. 

In Section 3 we study the cohomology of u(g). We show that there exists a first 
quadrant spectral sequence converging to the cohomology of the u(g). From this spec- 
tral sequence, it easily follows that H ev (u(g),M) is a finitely generated H cv (u(g), k)- 
supermodule for every finite dimensional u(g)-supermodule M. 

In Section 4, by using the finite generation results of Section 2, we define support 
varieties. An important property in the theory of support varieties for finite groups 
is the realizability of any conical variety as support variety of a supermodule. We 
prove an analogous realization theorem. 

2. Basic facts and Results for restricted Lie superalgebras 
2.1. We begin with some basic definitions. 

Definition 2.1.1. A Lie superalgebra g = Qq (Bqi is said to be restricted if the bracket 
[, ] : g x g — > g is supplemented with an additional operation ( ) ^ : gg — > go called 
restriction satisfying: 

(a) (cx)' p l = c p x^ for all c G k and i 6 go, 

(b) For all i G go, adx' p ' = (adx) p , 

(c) (x + y)^ = x^ + y^ + Y%I 1 Si(x, y) for all x, y G Qq where isi is the coefficient 
off" 1 in (ad(tx + y)y-\x). 

In short, a restricted Lie superalgebra is a Lie superalgebra whose even subalgebra 
is a restricted Lie algebra and the odd part is a restricted module by the adjoint 
action of the even subalgebra. 

Definition 2.1.2. Let g be a restricted Lie superalgebra. Let U(g) be the universal 
enveloping algebra of g. The restricted enveloping algebra u(g) of g is the quotient 
algebra 

u(g) = U(g)/J, 

where J is the two sided ideal of U(g) generated by x' p — x G go- 

Let Xi, . . . , x m and yi, ■ ■ ■ ,y n be bases for gg and gj, respectively. Then the set 
{x?...x'%y b l 1 ...y b n n \0<c H <p; 6^=0,1 for all i,j} 
is a basis for u(g). In particular, dimu(g) = p dim 0o2 dim 0i. 
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The category of all g-supermodules is identified in a natural way with the category 
of all £/(g)-supermodules. This construction identifies the full subcategory of all 
restricted g-supermodules with that of all u(g)-supermodules. 

2.2. Super Hopf algebra structure of U(g) and u(g). To define a a Z 2 -graded 
Hopf algebra (or super-Hopf algebra) we begin first of all with a Z2-graded associative 
algebra (or superalgebra) A. We then consider the braided tensor product algebra 
A® A, where ® is the usual tensor product but with elements of odd degree skew- 
commuting. This allows us to equip A with a coproduct: 

A : A ->■ A® A 

which is a superalgebra homomorphism from A to the braided tensor product algebra 
A® A: 

A(ab) = vj(-l) dc s a2 dc sbi aibi fl2 5 2 = A(a)A(6) 

for any a, b in A, where A (a) = Eai ® a 2 , A (6) = £&i ® 6 2 and a 2 , b\ homogeneous. 
We emphasize here that this is exactly the central point of difference between the 
super and the ordinary Hopf algebraic structure. In an ordinary Hopf algebra H, the 
coproduct A : H — > H ® H is an algebra homomorphism from H to the usual tensor 
product algebra H ® H. 

Similarly, A is equipped with an antipode S : A — > A which is not an algebra 
anti-homomorphism (as it should be in an ordinary Hopf algebra) but a superalgebra 
anti-homomorphism (or twisted anti-homomorphism, or braided anti-homomorphism) 
in the following sense 

S(ab) = (-l) dcgadegb S(a)S(b), 
for any homogeneous a, b G A. 

The rest of the axioms which complete the super-Hopf algebraic structure (i.e., 
coassociativity, counit property and compatibility with the antipode) have the same 
formal descriptions as in ordinary Hopf algebras. 

U (g) and u(g) are super Hopf algebras with the following operations: 

A : u(g) ->■ u(g) ® u(g); A(x) = 1 <g> x + x <g> 1, x e g, 
e : u(g) — > k; e(x) = 0,x G g and = 1, 
S : u(g) ->• u(g); S(x) = -x, x G g. 
The Hopf superalgebras u(g) and U (g) are sup er-co commutative. 

Proposition 2.2.1. Let H be a finite dimensional super- cocommutative super Hopf 
algebra over k and let M be a finite dimensional H -supermodule. Then M is a 
summand of M ® M* ® M . Therefore the following are equivalent: 

(a) M is projective. 

(b) M ® M* is projective. 

(c) M ® M is projective. 
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(d) M* is projective. 

(e) M is injective. 

Proof. This is argued exactly as in |3j Proposition 3.1.10]. □ 

Corollary 2.2.2. If H is a finite dimensional super cocummutative super Hopf alge- 
bra over k, then H is self injective. That is, a finite dimensional H -supermodule is 
projective if and only if it is injective. In particular, u(g) is self injective. 

For another proof of self injectivity of u(g) we refer the reader to [HI |2"7] . 

3. COHOMOLOGY 

3.1. Let M be an u(g)-supermodule and 



P, : • 



M 



be a projective resolution of M . Then the cohomology of u(g) with coefficients in 
M is defined by 

ff(u( ),M):=Extj, (0) (A;,M) i > 0, 

where k is viewed as an u(g)-supermodule via the augmentation. 
We use the following notational convention 

oo 

H'(u( ),M) :=0IT(u( ),M), 

i=0 

oo 

H c >(s),M) :=0H>( ),M). 



i=0 



Since H*(u( ),A;) is graded commutative, H ev (u( ),fc) is a commutative fc-algebra. 
A minimal projective resolution 

P. : > P n — )• > P — > M 

of M is defined as follows: We set Pq = P(M) the projective cover of M and let 
Q(M) be the kernel of the surjective even supermodule homomorphism P(M) — > M. 
Inductively set P n = P(Q n (M)) and Q n (M) = Qffi-^M)). 

Example 3.1.1. Let g = g[(l|l). g consists of all 2 x 2 matrices over k. The even 
subalgebra gg is generated by 



E u = 

The odd part gi is spanned by 

E\2 = 



"1 


0" 


, E 2 2 — 


"0 


0" 











1 



"0 


f 


, E 2 i = 


"0 


0" 








1 
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The irreducible supermodules in the principal block are one dimensional and in- 
dexed by L(A| — A) where A G Z. The projective cover P(A| — A) is four dimensional 
with three radical layers. The head and socle of -P(A| — A) are both isomorphic to 
L(X\ — A) and the second layer is isomorphic to L(X + 1| — A — 1) © L(X — 1| — A + 1). 
The minimal projective resolution of the trivial supermodule 7(0|0) is given by 

)>P(2|-2)ffiP(0|0)ffiP(-2|2) ->P(l|-l)ffiP(-l|l) ->P(0|0) ->L(0|0) ^0 

Applying Hom u ( )(— , k) we get a long exact sequence 

-> Hom u(g) (7(0 | 0), k) -> Hom u ( )(P(0|0), k) -> Hom u(s) (P(l|-l)©P(-l | 1), k) -> • 

Since the resolution is minimal and k is irreducible, all differentials are zero. Thus 
the cohomology is simply the set of cochains. 

3.2. Finite Generation. Let G be a finite group. A classical result (see jTQ] ) states 
that the group cohomology ring H'(G,k) is a finitely generated fc-algebra. This 
fact is used to define support varieties of supermodules over the group algebra kG. 
For a finite-dimensional cocommutative Hopf algebra A the graded cohomology ring 
H m (A,k) is shown to be finitely generated in [18]. Similarly as above, this is used 
to define support varieties of supermodules over A. In this subsection we prove that 
the cohomology ring H*(u(g),/c) of a restricted enveloping algebra u(g) is finitely 
generated. 

3.3. Let 7 = Ker(e : 11(53) — ► k) be the augmentation ideal of u(g). 
Lemma 3.3.1. The augmentation ideal I o/u(g) is nilpotent. 
Proof. First note that 

«(fl) - u (flo) ® A(gi) = u(gg) ©r>i u(flo) ® Ar (fli) 

as Z 2 -graded vector spaces. Thus the augmentation ideal of u(g) will be the direct sum 
of augmentation ideal of u(gg) and some nilpotent elements. Since the augmentation 
ideal of u(gg) is nilpotent (cf. [E]), the result follows. □ 

3.4. The powers of the augmentation ideal yield a finite filtration of u(g): 

u(g) = 7° D I 1 D ■ ■ ■ 

Let gru(g) denote the associated graded superalgebra © r>0 P/P +1 . Then gru(g) is 
a super commutative super Hopf algebra. 

For any basis {y\, . . . , y s } of g^ let 

(si) p ■= (y p i,---,y p s ) 

denote the ideal of the polynomial ring S^flg) generated by y\ , . . . , y v r . Since our field 
has characteristic p this ideal does not depend on the choice of the basis. 
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Lemma 3.4.1. Let = 0o © 01 be a restricted Lie superalgebra and u(g) be the 

associated restricted enveloping algebra. Then 

gr u( ) = gr u( 05 ) ® A(fli) = S{&)/(tif ® A( 0I ). 

Proof. Recall that u(g) = u(gg) © A(gj) as a Z 2 -graded vector space. Since this tensor 
product is a braided tensor product of algebras we have, 

gru(g)^gr(u(g )8)A(gi)) (3.4.1) 

= gru(go)®grA(gi) (3.4.2) 

= gru(fl )® A(fli). (3.4.3) 

Since go is a restricted Lie algebra it is also well known that (cf. [15] ) 

gru(0 O ) = 5(0^/(007. (3.4.4) 

Combining (13.4.11) and (I3.4.4p we have, 

gru( fl )^5(fl5)/(gg)*®A(fli). 

□ 

3.5. We are now ready to describe the cohomology rings. We begin with: 

Proposition 3.5.1. Let = 0o © 01 be a restricted Lie superalgebra and u(g) be the 

associated restricted enveloping algebra . Then 

H'(gru(0),fc) =S((0o©0i)*)®A(0i). 

Proof. It is well-known that the cohomology of a tensor product is essentially the 
tensor product of the cohomologies. Thus by Lemma 13.4.11 

H'(gr u( ), k) = R'(S(Q* Q )/(g^r ® A( 0I ), k) (3.5.1) 

- IT (S(f&) k) <s> H'(A(0i), k) (3.5.2) 

By PI Theorem 5.1] 

H-(S(0a)/(0o7, k) = 5(flS) ® A(flg) (3.5.3) 
and by JTJ Proposition 3.6] 

H-(A( Si ),A;)-^). (3.5.4) 
Putting together (13.5.11) . (13.5.31) and (I3.5.4p . one has 

H'(gr u( ), k) = S(qD ® A( fl g) ® S{gf) = S((qo © 0i)*) © A(^). □ 

We now introduce some spectral sequence : 

Theorem 3.5.2. Let = 0o © 0i be a restricted Lie superalgebra and M = Mq © Mi 
be a finite dimensional restricted g-supermodule. Then there exists a spectral sequence 

Etf(M) = S\qD © A m ( 5 l) © S n ( 5 l) © M =>- H i+ \u( Q ), M), 

where i+j = 2l+m+n. 
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Proof. One can compute the cohomology ring H*(u($j), M) by using cobar resolution: 
The co chain are defined by 

C7°(M) = M 

and 

C r (M) = I® r <g) M 

for r > 0, where I is the augmentation ideal of u(g) and I® r denotes the tensor 
product of / with itself r times. The differentials are defined by 

d : C°(M) ->■ C\M) 

equal to the zero map; for r > 0, define 

d r : C r {M) C r+1 {M) 

by the following formula 

d r (xi®- ■ ■®x r ®m) = V, {-^)\xi®- ■ ■®x i ^i®x ij ®x' ij ®x i+ i®- ■ ■®x r ®m) 

l<i<r; l<j<j(i) 

where A(x«) = Yl 

denotes the comultiplication of u(g). 

The finite filtration 

u( S ) = /°D/ 1 D--- 

of u(g) gives a filtration of the cochains. Then by the general theory of filtered 
complexes there is a spectral sequence with .Ex-terms 

Since the augmentation ideal / of u(g) is nilpotent by Proposition 13.3. 1\ the spectral 
sequence converges to the cohomology of the original complex. That is, 

El'\M) = R i+j (gvu(g), k)i ®M =^ Ff +3 (u(fj), M). (3.5.5) 

Combining (I3.5.5f) with Proposition 13.5. ll we see that our spectral sequence can be 
written as follows 

E\\M) = H^'(gru( ), M) S\&) ® A" 1 ^) ® ^(Sl) ® ^ (3-5.6) 
where % + j = 21 + m + n. Thus 

where z + j = 21 + m + n, and all other are zero. In particular E\° = for 
(p — 2) \ j. This implies that 

d l f : e; j (m) — )• ^ +r,1 - r+i (M) 

is zero for r ^ 1 mod (p — 2). We can now reindex the spectral sequence by calling 
the new E^ to be the old E l ^^Jf + ^ % . This gives Eq\M) as above. □ 

We can finally prove our finite generation result. 



8 IRFAN BAGCI 

Theorem 3.5.3. Let g = gg © 0i be a restricted Lie superalgebra and M = Mg © Mj 
be a finite dimensional restricted q- supermodule. Then 

(a) The cohomology ring H*(u(g), k) is finitely generated as a k-algebra. 

(b) H*(u(g),M) is a finitely generated R'(u(g),k) -supermodule. 

Proof, (a) By Theorem I3.5.2[ as A(gg) is finite dimensional, we observe that 

El'\k) :=0«) 

i,j>0 

is finitely generated as an >S((0o © 0i)*) — S(8q) © 5'(gj)-supermodule. Since E^k) 
is a section of E^'^k), it is also finitely generated as an S((qq © supermodule. 
Since 5 , ((go©0i)*) is a finitely generated /c-algebra, by transitivity of finite generation 
it follows that E^k) is finitely generated as a /c-algebra. 

(b) By [2H Theorem 4], E°'*(M) is a differential supermodule for the differential 
algebra E^'ik). By arguing as in part (a), one sees that 

K\M) :=0^(M) 

i,j>0 

is finitely generated as an S((qq © C i? 00 (fc)-supermodule. Thus E^M) is 

finitely generated as an i?oo(/c)-supermodule. The finiteness of H*(u(g),M) over 
H*(u(g),&) is argued as in [10, Proposition 2.1]. n 

4. SUPPORT VARIETIES 

4.1. In this section we recall the notion of the support variety of a finite dimensional 
u(g)-supermodule and study the properties of these varieties. Let M, N be finite 
dimensional u(g)-supermodules. Recall that H ev (u(g),fc) acts on H*(u(g),M* © N). 
Let I(M, N) be the annihilator ideal of this action. We define the relative support 
variety of the pair (M, N) to be 

V B (M,N) = MaxSpec(H cv (u(g),A;)//(M,Ar)), 

the maximal ideal spectrum of the finitely generated commutative /c-algebra 

R ev (u( Q ),k)/I(M,N) 

. For short hen M = N, we write 

I(M) := I{M,M) 

and 

V (M) :=V (M,M). 
The latter is called the support variety of M. 

Since H*(u(g), M* ©M) is a graded supermodule over the graded ring H ev (u(g), k), 
the variety V S (M) is a closed, conical subvariety of V s (k). 
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Note that for any finite dimensional u($j) supermodules M and N and any maximal 
ideal m in H ev (u(0), k) we have 

m G V g (M, N) if and only if I(M, N)Cm if and only if Exf(M, N) m ^ 0. 

(4.1.1) 

4.2. The following theorem shows that support varieties for finite dimensional u(g) 
supermodules satisfy the desirable properties of support variety theory. 

Theorem 4.2.1. LetM,N be finite dimensional u(q) -supermodules. Then, 

(a) V 9 (M®N) = V S (M)UV 3 (N). 

(b) V s (M,N)CV 3 (M)nV 3 (N). 

(c) V g (M) = U5 e i rr ( u(g ))V g (M, S) = U Se irr (u( g )) V g ( S, M) , where Irr(u(g)) denotes 
the set of all irreducible u(q)- supermodules. 

(d) Vg(M) = {0} if and only if M is projective. 

(e) V g (M®N)QV s (M)nV g (N). 

Proof, (a)-(c) is proven as in [H Section 5.7]. 

(d) If M is projective, then higher extension of M will vanish. Therefore, V g (M) = 
{0}. If Vg(M) = {0}, then by (c) V S (S,M) = {0} for every irreducible u(fl)- 
supermodule S. Since Ext' (5, M) = H'(u(fl), S*®M) is finitely generated as H"(u(jj), k)- 
supermodule by Theorem 13. 5. 3[ there exist some integer K such that Ext™ (5, M) = 
for all n > K and all irreducible supermodules S. So the minimal injective resolution 
of M is finite. Since u($j) is self injective by Corollary 12.2.21 the result follows. 

(e) The proof is fairly standard but we include the details for the reader's con- 
venience. As in the case of finite groups the action of H ev (u(g), k) on Ext*/ fl )(M <g> 
N,M <g> N) is composed of applying first — <g> M then — ® and finally apply- 
ing the Yoneda product. Therefore I(M) C I(M ® N), and this implies that 
V (M ® N) C Vg(M). Since Ext* (g) (M ® JV, M ® N) = Ext' (g) (M, M ® N ® JV*), 
we have V g (M ® JV) = V g (M, M ® ® N*) and by (b) this is included in V fl (M). 
Similarly V g (M <%> N) C V B (iV). 

□ 

4.3. One important property in the theory of support varieties is the realizability 
of any conical variety as the support variety of some supermodule in the category. 
Carlson [8] first proved this for finite groups in the 1980s. Friedlander and Parshall 
[13] later used Carlson's proof to establish realizability for restricted Lie algebras. For 
arbitrary finite group schemes the finite generation of cohomology due to Friedlander 
and Suslin [IB] allowed one to define support varieties. In this generality the realiz- 
ability of supports was established using Friedlander and Pevtsova's method [IT] of 
concretely describing support varieties through 7r-points. 
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4.4. We first describe our set up and prove some preliminary results. 
Let ^ C e H n (u(g),A;). Since 

where fl n (k) denotes the nth syzygy of k, ( corresponds to a surjective map 

C : n n (k) -> k. 

We set 

L c = Ker(C : tt n (k) -)■ fc) C fi n (A;). 
Thus is defined by the following short exact sequence: 

— >L ( — ► Q n {k) k — > 

The supermodules are often called "Carlson supermodules" . 

Since Q n (M) is isomorphic to Q n (k) (giMup to some projective summands, for any 
finite dimensional supermodules M and iV we have 

Ext r n(s) (n n (k) ® M,N) = Ext^(M, N). (4.4.1) 

If J is an ideal of some commutative ring A, then let Z(J) be the variety defined 
by J. That is, 

Z{J) = {m G MaxSpec(A) JCm}. 
In particular, for a G A let Z{a) denote the variety defined by the ideal (a). 

Proposition 4.4.1. Let M be a finite dimensional u(g) -supermodule , and let ( be a 

nonzero homogeneous element of positive degree in H ev (u($j), k). Then 

V g (M®L c ) = V (M)nZ(C). 

Proof. The proof in [251 Proposition 3] works in our setting. We include the details 
for the convenience of the reader. We first show that V (M) fl Z(() C V g (M <g> Lf). 
By Theorem 14.2.1( c). we have 

V g (M) = U 5eIrr(u(g)) V g (M, S) and V g (M <g) L c ) = U 5eIrr(u(g)) V g (M ® L c , S). 

Therefore it is enough to show that 

V B (M,S)nZ{()QV a (M®L c ,S) 

for any irreducible u($j) supermodule S. Let m be a maximal ideal in V g (M, S) nZ((). 
Then /(M, S) C m and (£) C m. Thus m contains the ideal generated by /(M, S) 
and (• We would like to show that m G V g (M ® L c , S 1 ), that is I(M <8> L ( , 5) C m. 
Suppose that I(M <g> L f , 5) £ m. Then (HTIjl implies that Ext* (g) (M ® L c , 5) TO = 0. 
By first tensoring the short exact sequence 

— >L C — ► Q n {k) — > k — > 

with M and then applying Ext u ( B )(— , S), we get a long exact sequence 
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► Ext^M, S) — ► Ext: (Q) (Q n (k) ®M,S) — ► E< (fl) (M ® L f) S) 

-^E^(M,S) ^Ext^(Q n (k)^M,S) ^Etf$g(M®L c — 
Using (14.4. ip the long exact sequence above can be written as follows: 
► E< (fl) (M, 5) Ext^(M, 5) A Ext; fl) (M®L c , S) — ► Ext^(M, 5) — ► 

where the map C : Ext£ (fl) (M, £) — ► ExtJJjT(M, 5) is just the action of ( 6 
H n (u(g),£;) on ExtL fl \(M, S). All the maps in the sequence above are H ev (u(g), k)- 
supermodule homomorphisms. Let z G Ext^ r (M, S). Then ip(z) G Ext^(M(g) 
L^,S). Since Ext'^M ® L^,5') m = 0, there exists a homogeneous element a ^ m 
such that ip(az) = aip(z) = 0. Since the long cohomology sequence is an exact 
sequence az = (y for y G Ext^f ^ (M, S). Thus z = (a^y. This implies that 

Extj l(0) (M,5) m = CExtj l(3) (M,S) m 

for all i > n. Assume z G ExtL fl )(M, S) m for i < n. Let b m. One can multiply z 
by a high enough power of b so that deg(b m z) > n. Then b m z G Ext*/ fl )(M ® L^, S) m 
and hence 2; G Ext*/ fl \(M <8> L^, >S) m as b is invertible in Ext*( )(M ® L^, S^. 

Since £ G m, and Ext'^M, S) is finitely generated over H cv (u(g), k) by Theorem 
I3.5.3[ Nakayama's Lemma implies that Ext*/ fl \(M, S) m = 0. This contradicts the 
assumption I(M, S) C m. We conclude that I(M,S) C m and hence V S (M,S) fl 
Z(C)QV S (M®L C ,S). 

To prove the other containment V g (M £g> Lf) C V g (M) fl 2(C)> by Theorem 14.2.11 
(e) it is enough to show that V B (Lf) C Z(Q. By Theorem 14.2.1( c) showing that 
V a (L{,S) C 2(C) for any irreducible u(g)-supermodule S 1 will suffice. Let m be 
a maximal ideal of H ev (u(g), &;) for which ( m. Then the action of £ induces 
an isomorphism on the localized ring Ext'^^A;, S) m as ( is an invertible element of 
H ev (u(g), k) m . Since localization is an exact functor the short exact sequence which 
defines the Carlson supermodule implies that Ext'^Jk, S) m is the kernel of the 
isomorphism 

Ext: (g) (k,S) m ^Exf u ^(k,S) 

induced by the action of ( on Ext*^(k, S) m and thus Ext*( )(fc, S) m = 0. Now by 

(SXU),wehaveV g (L c ,S)CZ(C). □ 

Lemma 4.4.2. Let (, (1, . . . , ( n G H ev (u(g), k) be homogeneous elements with corre- 
sponding Carlson supermodules , . . . , L^ n . Then 

(a) V g (L c ) = Z(C) 

(b) V g (L Cl ® • • • ® L C J = V g (L Cl ) n ■ ■ • n V B (L f J 
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Proof. (a) By Theorem 14.4.11 

v (l c ) = v 5 (k ® l c ) = v g (*) n 2(0 = 2(C) 

(b) This follows from successively applying Theorem 14.4. II and part (a). 

□ 

4.5. We are now prepared to prove the realization theorem. 

Theorem 4.5.1. Let X be a conical subvariety ofV g (k). Then there exists a finite 
dimensional Q-supermodule M such that 

V S (M)=X. 

Proof. Let J = (Ci, ■ ■ ■ ,(n) Q H ev (u(g), k) be the homogeneous ideal which defines 
the homogeneous variety X. That is, 

x = z(G)n---nz(C„). 

Let M = Lfa ® - • • <S> L^ n . Applying Lemma 14.4.21 one has 

V g (M) = V g (L fl ®...®Lj 

= V B (%)n---nv B (L c J 
= z(d) n • • • n z(( n ) = x 

□ 

4.6. Let V = ©,^ V n be a graded vector space with finite-dimensional homogeneous 
components. The rate of growth r(V) of V is defined to be the smallest positive 
integer c such that dim V„ < Kn c ~ l for some constant K and all n = 0, 1, . . . If no 
such c exists, set r(V) = oo. For example, the rate of the growth of a polynomial 
k[xi, . . . ,x s ] ring with s variables is s. Therefore a finitely generated k- algebra of 
Krull dimension s has rate of growth equal to s. 

The complexity of an u($j)-supermodule M, denoted by cx u ( )(M), is the rate of 
growth of a minimal projective resolution P. of M. 
We have: 

Proposition 4.6.1. Let M be a finite dimensional u(g)-supermodule. Then 

cx u(g) (M) = dimV g (M). 

Proof. We compute 

dimV (M) = dim(H c >( ), k)/I{M)) = r(H cv (u( ), k)/I{M)) = r(Ext; (fl) (M, M)). 
Thus it is enough to show that cx u ( )(M) = r(Ext', g JM, M)). Let 

P. : > P n — > > P Q — > M 
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be a minimal projective resolution of M. Then the multiplicity of the projective cover 
P(S) of a irreducible u(0)-supermodule S as a direct summand of P n is equal to 

dimHom u(s) (P n ,S) (4.6.1) 

Since the resolution is minimal and S is irreducible all maps are zero, i.e., every 
homomorphism P n — > S is a cocycle and every coboundary zero. Thus, 

Hom u(g) (P„, S) - Ext^ (3) (M, S) (4.6.2) 
Combining (14.6.11) and (I4.6.2p we have, 

dimP n = dimP(^).dimExt" (0) (M,5) (4.6.3) 

5elrr(u(g)) 

where Irr(u($j)) denotes the set of all irreducible u($j)-supermodules. 
From (14.6.31) one easily observes that 

r(P.) < max{r(Ext: (0) (M, S)) \ S E Irr(u(g))}. (4.6.4) 

For any irreducible supermodule 5* since Ext*/ fl > (M, S) is finitely generated as a su- 
permodule over Ext*( )(M, M), we have 

max{r(Ext: (0) (M,5)) | S G Irr(u( S ))} < r(Ext* (fl) (M, M)). (4.6.5) 

Since Ext™^ (M, M) is a subquotient of Hom u ( g )(P n , M), and this is a subspace of 
Hom / t(P„ , M), we have 

dim Ext" (a) (M, M) < dim P n . dim M 
for every non-negative integer n. This implies that 

r(Ext; (B) (M,M))<r(P.) (4.6.6) 
Putting together 04.6.41) . 04.6.51) . and 04.6.6p we have 

r(P.) < max{r(Ext: i(s) (M,5)) | S G Irr(u(g))} < r(Ext; (fl) (M, M)) < r(P.). 
Therefore all the inequalities above are equalities. 

Since V S (M) = U s& „ {u{g)) V s (M } S) = U 5e i rr ( u ( 3 )) V B (3, M) by Theorem |OH(c), 

dimV g (M) = max(dimV fl (M,5)). 

From the definition of the support varieties it is clear that dim V g (M, S) is equal to 
the Krull dimension of R cv {u{q), k)/I(M, S). Because H*(u(g),M ® S) is a finitely 
generated and faithful module as a H ev (u(g), k)/I(M, S')-module,the Krull dimension 
of H ev (u(g), k)/I(M, S) is equal to the rate of growth of the 

0H>( ),fc)//(M,iv). 

n>0 
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Now the statement of the Theorem follows from the equality cx u ( )(M) = r(P.). □ 
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